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Image  Data  Compression

Natural	  image	  sta;s;cs	  
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What  is  natural  image  sta5s5cs?
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•  Need	  good	  data	  models	  to	  have	  beKer	  compression	  methods!	  
•  Rela;vely	  recent	  field	  (in	  2009	  first	  comprehensive	  book	  on	  subject)	  
•  Closely	  related	  to	  human	  visual	  system	  studies	  

	  (conjecture:	  biological	  visual	  systems	  are	  “op;mal”	  for	  their	  natural	  images)	  
•  Facilitated	  by	  big	  image	  databases	  and	  available	  processing	  power	  
•  Are	  there	  really	  any	  challenges	  in	  studying	  images	  sta;s;cally?	  

Following	  book:	  
[Hyvärinen,	  Hurri,	  Hoyer	  	  
Natural	  Image	  Sta;s;cs,	  	  

Springer	  2009]	  

A	  few	  [rela*vely]	  big	  numbers:	  
	  
•  Seconds	  since	  Big	  Bang:	  1017	  
•  Atoms	  in	  the	  Universe:	  1080	  
•  Entropy	  (white	  noise	  images):	  	  

	  H	  =	  65	  x	  65	  x	  8	  =	  33800	  bits	  
	  #	  of	  65	  x	  65	  8-‐bit	  gray-‐scale	  images:	  
2H	  ≈	  1010000	  

•  Natural	  scenes	  are	  redundant,	  
es;mated	  entropy	  ~	  0.4	  H,	  

•  =>	  one	  out	  of	  106000	  white	  noise	  images	  
has	  basic	  sta;s;cs	  of	  natural	  scenes	  

“The	  distribu;on	  of	  natural	  images	  is	  complicated.	  Perhaps	  it	  
is	  something	  like	  beer	  foam,	  which	  is	  mostly	  empty	  but	  
contains	  a	  thin	  mesh-‐work	  of	  fluid	  which	  fills	  the	  space	  and	  
occupies	  almost	  no	  volume.	  The	  fluid	  region	  represents	  those	  
images	  which	  are	  natural	  in	  character.”	  

[Ruderman	  1996]	  
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Very  mul5-‐faceted  research  area
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Models	  of	  natural	  image	  data	  
•  Physical	  (genera;ve)	  imaging	  models	  
•  Non-‐linear	  manifold	  of	  natural	  images	  
•  Non-‐parametric	  sample-‐based	  models	  
•  Biologically-‐inspired	  neural	  networks	  
•  Simple	  models	  reproducing	  increasingly	  

more	  complex	  sta;s;cs	  of	  natural	  images	  
	  (unsupervised	  learning!)	  

	  
Model:	  transform	  to	  “convenient”	  space	  
	  
Some	  criteria	  of	  “good”	  models:	  
•  “simplicity”	  ≈	  reduced	  dimensionality	  
•  “sparseness”	  ≈	  compact	  representa;on	  
•  “metabolic	  efficiency”	  ≈	  efficient	  wrt	  

processing	  energy	  in	  brain	  
•  “learning	  efficiency”	  ≈	  easy	  to	  learn	  from	  

unique	  images	  (seen	  only	  once)	  
•  “wiring	  length”	  ≈	  minimal	  communica;on	  

between	  neurons	  
•  …	  
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•  Probability	  density	  func;on	  (PDF):	  

•  Condi;onal	  and	  marginal	  probability:	  

Reminder  of  mul5variate  sta5s5cs
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p!z (
!a) = lim

Δz→0

P(zi ∈ [ai,ai +Δz]∀i =1,...,n)
Δzn

p!z (
!a)d!a∫ =1

p(z1) = p(z1, z2 )dz2∫

Somewhat	  ambiguous	  
shorter	  nota;on:	  
	  
	  p(
!z ) ≡ p!z (

!z )

p(z2 | z1 = a) =
p(a, z2 )
p(a, z2 )dz2∫

p(z2, z1)

a	  =	  0.15	  

a	  =	  0.75	  
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•  The	  variables	  z1	  and	  z2	  are	  independent	  iff	  their	  
joint	  PDF	  factorizes:	  

•  Expecta;on	  of	  random	  vector	  /	  func;on	  of	  RV:	  

•  Variance	  and	  covariance	  (1D):	  

•  Covariance	  matrix	  (nD):	  

Reminder  of  mul5variate  sta5s5cs  (con5nued)
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p(z1, z2 ) = p(z1)p(z2 )

E !z{ }≡
!z = p!z (

!a)d!a∫
E g(!z ){ }= g(!a)p!z (

!a)d!a∫
1-‐st	  order	  sta;s;c	  

2-‐nd	  order	  sta;s;cs	  

C(!z ) =

cov z1, z1{ } cov z1, z2{ } ... cov z1, zn{ }
cov z2, z1{ } cov z2, z2{ } ... ...

... ... ...
cov zn, z1{ } ... ... cov zn, zn{ }

!

"

#
#
#
#
#

$

%

&
&
&
&
&

= E !z!zT{ }− !z !z T

Independent	  variables	  are	  
uncorrelated:	  
	  
	  
However,	  uncorrelated	  variables	  
may	  s;ll	  be	  dependent!	  

E g1(
!z1)g2 (

!z2 ){ }= E g1(
!z1){ }E g2 (

!z2 ){ }

var z{ }= E (z− z )2{ }
cov z1, z2{ }= E z1z2{ }− z1 z2
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Incremental	  learning	  
	  
	  
	  
	  
	  
	  

Reminder  of  mul5variate  sta5s5cs  (con5nued  further)
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p!s (
!s | !z ) = p!z (

!z | !s )p!s (
!s )

p!z (
!z | !s )p!s (

!s )ds∫

observa;on	  
unobserved	  
parameters	  

likelihood	  
a	  priori	  probability	  (prior)	  

normaliza;on	  constant	  
(independent	  of	  s)	  

Non-‐informa;ve	  prior:	  
e.g.	  uniform	  distribu;on,	  
	  
	   p!s (

!s ) = ca	  posteriori	  
probability	  (posterior)	  

Prior	   Posterior	  

Observa;on	  

Parameter	  es*ma*on	  (log	  space)	  

pz (z |α) =
1
2π

exp − (z−α)
2

2
"

#
$

%

&
'
•  Observe:	  z1,	  z2,…,	  zm,	  iid:	  
•  Task:	  es;mate	  α	  (assume	  flat	  prior)	  

pz (z1, z2,..., zm |α) = p(z1 |α) ⋅... ⋅ p(zm |α)

log pα (α | z1, z2,..., zm ) = log p(z1, z2,..., zm |α)+ log p(α)− log p(z1, z2,..., zm )•  BR:	  

•  Maximum	  a	  posteriori	  probability	  (MAP):	  

•  Maximum	  likelihood:	  

Constant,	  independent	  of	  α	  

αMAP
* = argmax

α
log p(z1, z2,..., zm |α)+ log p(α)[ ]

αML
* = argmax

α
log p(z1, z2,..., zm |α)[ ] Equivalent	  to	  MAP	  with	  constant	  prior	  

Example:	  1D	  Gaussian	  
	  
	  
	  
	  
	  

log p(z1,..., zm |α) = −
1
2

(zi −α)
2 + const∑ Solu;on	  with	  least	  

squares	  method:	   αML
* =

1
m

zi∑Likelihood:	  
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•  One	  patch	  (e.g.	  32	  x	  32	  pixels)	  -‐	  random	  vector	  	  	  	  	  	  	  	  (n	  =	  1024	  components)	  
•  Patch	  at	  random	  loca;on	  in	  random	  image	  from	  DB	  =	  one	  observa;on	  
•  Apply	  discrete	  linear	  transform:	  

•  Examples	  of	  features:	  

•  Histograms	  of	  filter	  outputs:	  

•  Simplest	  image	  sta;s;c:	  mean	  (DC	  component)	  
	  (not	  to	  be	  confused	  with	  mean	  over	  sample!)	  

•  Mean-‐subtracted	  histograms:	  

In	  what	  follows,	  assume	  subtracted	  mean	  

Sta5s5cs  of  linear  features
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!z

!̂z = !z − 1
n

zi
i=1

n

∑

si =
!wi
T !z

98 5 Principal components and whitening

In section 1.8, we looked at the outputs of some simple feature detectors when the
input is natural images. Let us see what the effect of DC removal is on the statistics
of these features; the features are depicted in Fig. 1.10 on page 20. Let us denote the
output of a linear feature detector with weightsWi(x,y) by s:

si =∑
x,y
Wi(x,y)I(x,y) (5.2)

The ensuing histograms of the si, for the three detectors when input with natural
images, and after DC removal, are shown in Fig. 5.1. Comparing with Fig. 1.11 on
page 20, we can see that the first histogram changes radically, where as the latter two
do not. This is because the latter two filters were not affected by the DC component
in the first place, which is because the sum of their weight was approximately zero:
∑x,yW (x,y) = 0. Actually, the three histograms are now more similar to each other:
the main difference is in the scale. However, they are by no means identical, as will
be seen in the analyses of this book.
The effect of DC component removal depends on the size of the image patch.

Here, the patches were relatively small, so the removal had a large effect on the
statistics. In contrast, removing the DC component from whole images has little
effect on the statistics.
In the rest of this book, we will assume that the DC component has been removed

unless otherwise mentioned. Removing the DC component also means that the mean
of any s is zero; this is intuitively rather obvious but needs some assumptions to be
shown rigorously (see Exercises). Thus, in what follows we shall assume that the
mean of any feature s is zero.
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Fig. 5.1: Effect of DC removal. These are histograms of the outputs of the filters in Fig. 1.10 when
the output is natural images whose DC component has been removed. Left: output of Dirac filter,
which is the same as the histogram of the original pixels themselves. Center: output of grating
feature detector. Right: output of edge detector. The scales of the axes are different from those in
Fig. 1.10.

Some examples of natural image patches with DC component removed are shown
in Figure 5.2. This is the kind of data analyzed in almost all of the rest of this book.
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20 1 Introduction

a) b) c)

Fig. 1.10: Three basic filters. a) a Dirac feature, i.e. only one pixel is non-zero. b) a sinusoidal
grating. c) Gabor edge detector.
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Fig. 1.11: The histograms of the outputs of the filters in Fig. 1.10 when the input is natural images
with mean pixel value subtracted. a) output of Dirac filter, which is the same as the histogram of
the original pixels themselves. b) output of grating feature detector. c) output of edge detector.
Note that the scales of both axes are different in the three plots.

tures can be much simpler than the corresponding model for the pixels, so it makes
sense to first transform the data into a feature space.
In fact, a large class of model builds independentmodels for each of the features

si in Equation (1.5). Independence is here to be taken both in an intuitive sense,
and in the technical sense of statistical independence. Most models in Part II of this
book are based on this idea. Even if the features are not modelled independently, the
interactions (dependencies) of the features are usually much simpler than those of
the original pixels; such models are considered in Part III of this book.
Thus, we will describe most of the models in this book based on the principle

of learning features. Another reason for using this approach is that the most inter-
esting neurophysiological results concern usually the form of the features obtained.
In fact, it is very difficult to interpret or visualize a probability distribution given
by the model; comparing the distribution with neurophysiological measurements is
next to impossible. It is the features which give a simple and intuitive idea of what
kind of visual processing these normative models dictate, and they allow a direct
comparison with measured properties (receptive fields) of the visual cortex.
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“Vectorize”	  image;	  
gray-‐scale	  values	  

Basis	  func;ons,	  “features”,	  can	  also	  be	  interpreted	  as	  images	  
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In fact, a large class of model builds independentmodels for each of the features

si in Equation (1.5). Independence is here to be taken both in an intuitive sense,
and in the technical sense of statistical independence. Most models in Part II of this
book are based on this idea. Even if the features are not modelled independently, the
interactions (dependencies) of the features are usually much simpler than those of
the original pixels; such models are considered in Part III of this book.
Thus, we will describe most of the models in this book based on the principle

of learning features. Another reason for using this approach is that the most inter-
esting neurophysiological results concern usually the form of the features obtained.
In fact, it is very difficult to interpret or visualize a probability distribution given
by the model; comparing the distribution with neurophysiological measurements is
next to impossible. It is the features which give a simple and intuitive idea of what
kind of visual processing these normative models dictate, and they allow a direct
comparison with measured properties (receptive fields) of the visual cortex.

20 1 Introduction

a) b) c)

Fig. 1.10: Three basic filters. a) a Dirac feature, i.e. only one pixel is non-zero. b) a sinusoidal
grating. c) Gabor edge detector.
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Fig. 1.11: The histograms of the outputs of the filters in Fig. 1.10 when the input is natural images
with mean pixel value subtracted. a) output of Dirac filter, which is the same as the histogram of
the original pixels themselves. b) output of grating feature detector. c) output of edge detector.
Note that the scales of both axes are different in the three plots.

tures can be much simpler than the corresponding model for the pixels, so it makes
sense to first transform the data into a feature space.
In fact, a large class of model builds independentmodels for each of the features

si in Equation (1.5). Independence is here to be taken both in an intuitive sense,
and in the technical sense of statistical independence. Most models in Part II of this
book are based on this idea. Even if the features are not modelled independently, the
interactions (dependencies) of the features are usually much simpler than those of
the original pixels; such models are considered in Part III of this book.
Thus, we will describe most of the models in this book based on the principle

of learning features. Another reason for using this approach is that the most inter-
esting neurophysiological results concern usually the form of the features obtained.
In fact, it is very difficult to interpret or visualize a probability distribution given
by the model; comparing the distribution with neurophysiological measurements is
next to impossible. It is the features which give a simple and intuitive idea of what
kind of visual processing these normative models dictate, and they allow a direct
comparison with measured properties (receptive fields) of the visual cortex.

•  Dirac	  filter	  (pixel	  value)	  
•  Gra;ng	  detector	  (cosine)	  
•  Gabor	  edge	  detector	  

General	  strategy:	  remove	  trivial	  parts	  that	  are	  
well-‐understood,	  study	  what	  remains	  

Gra;ng	  and	  edge	  detectors	  
orthogonal	  to	  mean	  value,	  
Dirac	  filter	  -‐	  not	  

Two	  last	  histograms	  
very	  non-‐Gaussian!	  

The	  only	  fist-‐order	  structure	  
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Principal  component  analysis

8	  

•  KLT	  applied	  to	  whole	  patches	  
•  Second-‐order	  structure	  (pixel-‐to-‐pixel	  correla;ons)	  
•  Principal	  components	  “explain”	  as	  much	  variance	  in	  data	  as	  possible	  
•  Technical	  requirement:	  mean-‐free	  images,	  limit	  norm	  of	  w	  to	  e.	  g.	  1	  
	  
Learning	  first	  principal	  component:	  max	  output	  variance	  in	  given	  sample,	  

100 5 Principal components and whitening

that without DC removal, all the correlation coefficients are strongly positive. Re-
moving the DC components reduces the correlations to some extent, and introduces
negative correlations.
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Fig. 5.3: Scatter plot of the grey-scale values of two neighbouring pixels. a) Original pixel values.
The values have been scaled so that the mean is zero and the variance one. b) Pixel values after
removal of DC component in a 32×32 patch.

5.2.2 Learning one feature by maximization of variance

5.2.2.1 Principal component as variance-maximizing feature

The covariances found in natural images pixel values can be analyzed by PCA. In
PCA, the point is to find linear features that explain most of the variance of the data.
It is natural to start the definition of PCA by looking at the definition of the first

principal component. We consider the variance of the output:

var(s) = E{s2}− (E{s})2 = E{s2} (5.3)

where the latter equality is true because s has zero mean.
Principal components are features s that contain (or “explain”) as much of the

variance of the input data as possible. It turns out that the amount of variance ex-
plained is directly related to the variance of the feature, as will be discussed in
Section 5.3.1 below. Thus, the first principal component is defined as the feature, or
linear combination of the pixel values, which has the maximum variance. Finding a
feature with maximum variance can also be considered interesting in its own right.
The idea is to find the “main axis” of the data cloud, which is illustrated in Fig. 5.5.
Some constraint on the weights W , which we call the principal component

weights, must be imposed as well. If no constraint were imposed, the maximum
of the variance would be attained when W becomes infinitely large (and the mini-

ScaKer	  plot	  of	  two	  adjacent	  
pixels	  and	  their	  primary	  axis	  

!w* = argmax
!w, !w 2=1

1
T

( !wT !z )2
t=1

T

∑
"

#
$

%

&
'

First	  principal	  component	  computed	  
for	  windows	  of	  32x32	  pixels	  for	  10	  
different	  randomly	  sampled	  datasets	  

102 5 Principal components and whitening

mum would be attained when all theW (x,y) are zero). In fact, just multiplying all
the weights in W by a factor of two, we would get a variance that is four times
as large, and by dividing all the coefficients by two the variance decreases to one
quarter.
A natural thing to do is to constrain the norm ofW :

∥W∥=
!

∑
x,y
W (x,y)2 (5.4)

For simplicity, we constrain the norm to be equal to one, but any other value would
give the same results.

5.2.2.2 Learning one feature from natural images

What is then the feature detector that maximizes the variance of the output, given
natural image input, and under the constraint that the norm of the detector weights
equals one? We can find the solution by taking a random sample of image patches.
Let us denote by T the total number of patches used, and by It each patch, where t
is an index that goes from 1 to T . Then, the expectation of s2 can be approximated
by the average over this sample. Thus, we maximize

1
T

T

∑
t=1

"

∑
x,y
W (x,y)It(x,y)

#2

(5.5)

with respect to the weights in W (x,y), while constraining the values of W (x,y) so
that the norm in Equation (5.4) is equal to one. The computation of the solution is
discussed in Section 5.2.4.
Typical solutions for natural images are shown in Fig. 5.6. The feature detector

is an object of the same size and shape as an image patch, so it can be plotted as an
image patch itself. To test whether the principal component weights are stable, we
computed it ten times for different image samples. It can be seen that the component
is quite stable.

Fig. 5.6: The feature detectors giving the first principal component of image windows of size
32× 32, computed for ten different randomly sampled datasets taken from natural images. The
feature detector is grey-scale-coded so that the grey-scale value of a pixel gives the value of the
coefficient at that pixel. Grey pixels mean zero coefficients, light-grey or white pixels are positive,
and dark-grey or black are negative.
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give the same results.

5.2.2.2 Learning one feature from natural images

What is then the feature detector that maximizes the variance of the output, given
natural image input, and under the constraint that the norm of the detector weights
equals one? We can find the solution by taking a random sample of image patches.
Let us denote by T the total number of patches used, and by It each patch, where t
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with respect to the weights in W (x,y), while constraining the values of W (x,y) so
that the norm in Equation (5.4) is equal to one. The computation of the solution is
discussed in Section 5.2.4.
Typical solutions for natural images are shown in Fig. 5.6. The feature detector

is an object of the same size and shape as an image patch, so it can be plotted as an
image patch itself. To test whether the principal component weights are stable, we
computed it ten times for different image samples. It can be seen that the component
is quite stable.

Fig. 5.6: The feature detectors giving the first principal component of image windows of size
32× 32, computed for ten different randomly sampled datasets taken from natural images. The
feature detector is grey-scale-coded so that the grey-scale value of a pixel gives the value of the
coefficient at that pixel. Grey pixels mean zero coefficients, light-grey or white pixels are positive,
and dark-grey or black are negative.

Seems	  to	  be	  rather	  stable,	  but	  not	  
extremely	  useful	  per	  se…	  
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Principal  component  analysis  –  further  components

9	  
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Defla*on-‐type	  defini*on:	  all	  following	  vectors	  maximize	  	  
variance	  in	  the	  orthogonal	  subspace	  of	  previous	  ones	  
•  Resul;ng	  vectors	  are	  orthogonal	  
•  Resul;ng	  projec;ons	  are	  uncorrelated	  
•  Equiv.	  to	  frequency	  separa;on!	  
	  

Prac*cal	  calcula*on:	  
•  Eigenvectors	  of	  correla;on	  mtx	  

	  (Eigenvalues	  give	  variance)	  
•  See	  Karhunen-‐Loève	  transform	  
•  Alt:	  Fourier	  of	  correla;on	  mtx	  
	  

Problems	  with	  PCA:	  
•  No	  reasonable	  property	  of	  images	  
•  Almost	  same	  variance	  for	  higher	  	  

	  components	  -‐>	  poorly	  defined!	  
•  Depends	  on	  random	  fluctua;ons	  

	  
	  
	  

5.2 Principal component analysis 105

Fig. 5.7: The 320 first principal components weightsWi of image patches of size 32×32. The order
of decreasing variances is left to right on each row, and top to bottom.

Fig. 5.8: Ten different estimations of the 100th principal component of image windows of size
32×32. The random image sample was different in each run.

First	  160	  principal	  components	  (32x32	  patches),	  ordered	  by	  variance	  

5.2 Principal component analysis 105

Fig. 5.7: The 320 first principal components weightsWi of image patches of size 32×32. The order
of decreasing variances is left to right on each row, and top to bottom.

Fig. 5.8: Ten different estimations of the 100th principal component of image windows of size
32×32. The random image sample was different in each run.

100th	  component	  es;mated	  from	  10	  different	  datasets	  
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Proof	  for	  1st	  principal	  component:	  

Why  is  PCA  useful?

10	  

Dimension	  reduc*on	  by	  PCA	  
•  All	  pixel	  values	  (n	  =	  32	  x	  32	  =	  1024)	  -‐	  too	  many	  DoF	  
•  By	  linear	  transform,	  reduce	  to	  m	  <	  n	  values:	  

•  New	  variables:	  “preserve	  informa;on”;	  in	  other	  words:	  
•  In	  reconstruc;ng	  z,	  minimize	  average	  squared	  error:	  	  
	  
	  
	  
	  
•  Assump;ons:	  orthonormal	  transforma;on	  basis,	  

	  
•  Solu*on:	  take	  m	  first	  principal	  components!	  
•  Defined	  up	  to	  arbitrary	  rota;on	  in	  m-‐dim	  space	  
•  Non-‐unique	  defini;on	  of	  direc;ons,	  but	  more	  stable	  

principal	  subspace	  (spanned	  by	  principal	  direc;ons)	  

si =
!wi
T !z, i =1,...,m,!z = z1,..., zn( )T , m < n;

E !z − !ai ⋅ si
i
∑

2$
%
&

'&

(
)
&

*&
→min

!wi
T !wj = δij

s = !wT !z,Δ = E !z − s ⋅ !w 2{ }
Δ = E !z 2{ }+E ( !wT !z ) ⋅ ( !wT !z ) ⋅ !w 2{ }− 2E ( !wT !z ) ⋅ ( !wT !z ){ }
!w 2

=
!wT !w =1,

Δ = E !z 2{ }− !wTE !z ⋅ !zT{ } !w = var(!z )− !wTC(!z ) !w

minΔ :
L = !wTC(!z ) !w−λ ⋅ ( !wT !w−1),
dL
d !w

= 2 ⋅ !wTC(!z )− 2λ ⋅ !wT = 0,⇔ C(!z )−λI[ ]
!w = 0.

For	  natural	  images:	  ~	  10%	  of	  dimensions	  are	  enough!	  

zj =
!aj
T !s,
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Why  is  PCA  useful?

11	  

Whitening	  by	  PCA	  
•  Transform	  to	  variables	  which	  are	  uncorrelated	  

and	  have	  unit	  variance:	  

•  Solu;on:	  re-‐scale	  principal	  components,	  

•  Completely	  removes	  second-‐order	  informa;on!	  
(i.e.	  correla;ons	  and	  variances)	  

•  Standard	  pre-‐processing	  of	  sta;s;cal	  data	  
•  There	  exist	  many	  whitening	  transforms;	  in	  fact,	  

any	  orthogonal	  rota;on	  of	  whitened	  data	  is	  white	  
•  White	  distribu;on	  with	  highest	  entropy:	  Gaussian	  

•  Zero	  correla;on	  of	  features	  =	  orthogonality	  of	  
their	  vectors	  in	  whitened	  space	  

Subtract	  [sample]	  mean	  

Find	  principal	  components	  

Rotate	  to	  new	  axes	  

Whiten	  (re-‐scale	  axes)	  

E sisj{ }= δij

yi =
si
var(si )

Apply	  arbitrary	  orthogonal	  
transform	  (rota;on)?	  

!y ~ N(
!
0, I )

106 5 Principal components and whitening
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Fig. 5.9: The logarithms of the variances of the principal components for natural image patches,
the first of which were shown in Fig. 5.7.

3. Any sufficiently sophisticated software for scientific computation is able to com-
pute the eigenvalue decomposition of that matrix. (However, the amount of com-
putation needed grows fast with the size of the image patch, so the patch size
cannot be too large.)

4. As a result of the eigenvalue decomposition we get two things. First, the eigen-
vectors, which give theWi which are the principal component weights. Second,
the eigenvalues, which give the variances of the principal components si. So, we
only need to order the eigenvectors in the order of descending eigenvalues, and
we have computed the whole PCA decomposition.

5.2.5 The implications of translation-invariance

Many of the properties of the PCA of natural images are due a particular property of
the covariance matrix of natural images. Namely, the covariance for natural images
is translation-invariant, i.e. it depends only on the distance

cov(I(x,y), I(x′,y′)) = f ((x− x′)2+(y− y′)2) (5.9)

for some function f . After all, the covariance of two neighbouring pixels is not
likely to be any different depending on whether they are on the left or the right side
of the image. (This form of translation-invariance should not be confused with the
invariances of complex cells, discussed in Section 3.4.2 and Chapter 10).

Natural	  images:	  
Log	  of	  variances	  of	  
principal	  components	  

Further	  analysis:	  non-‐Gaussianity	  of	  natural	  images	  
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Why  is  PCA  useful?

12	  

An*-‐aliasing	  by	  PCA:	  
•  Highest	  H	  or	  V	  frequencies	  can	  have	  only	  two	  phases	  
•  Along	  diagonal,	  max	  frequency	  is	  √2	  ;mes	  higher	  
•  Non-‐isotropic	  representa;on	  of	  isotropic	  natural	  images!	  
•  Simple	  dimensional	  reduc;on	  by	  PCA	  simultaneously	  

filters	  oblique	  frequencies	  away!	  
•  PCA	  can	  be	  formulated	  in	  Fourier	  space	  

PCA	  as	  genera*ve	  model	  
•  Generate	  random	  components	  from	  Gaussian	  distribu;on	  

with	  si	  according	  to	  es;mated	  variances	  
•  Perform	  inverse	  transform,	  i.e.	  reconstruct	  images	  
	  

5.6 Power spectrum of natural images 117

Fig. 5.13: Image synthesis using PCA. 20 patches were randomly generated using the PCA model
whose parameters were estimated from natural images. Compare with real natural image patches
in Figure 5.2.

c/ f where c is some constant and f is the frequency. It is usually more convenient
to plot the logarithms. For the logarithm this means

Log Fourier amplitude=− log f + const. (5.19)

or
Log power spectrum=−2log f + const. (5.20)

for some constant which is the logarithm of the constant c.
Figure 5.15 a) shows the logarithm of the power spectrum of the natural im-

age in Fig. 5.14 a). What we can see in this 2D plot is just that the spectrum is
smaller for higher frequencies. To actually see how it falls off, we have to look at
one-dimensional cross-sections of the power spectrum, so that we average over all
orientations. This is how we get Fig. 5.15 b), in which we have also taken the log-
arithm of the frequency as in Equation (5.20). This plot partly verifies our result: it
is largely linear with a slope close to minus two, as expected. (Actually, more thor-
ough investigations have found that the log-power spectrum may, in fact, change a
bit slower than 1/ f 2, with a exponent closer to 1.8 or 1.9. ) In addition, the power
spectra are very similar for the two images in Fig. 5.15.
A large literature in physics and other fields has considered the significance of

such a behaviour of the power spectrum. Many other kinds of data have the same
kind of spectra. An important reason for this is that if the data is scale-invariant,
or self-similar, i.e. it is similar whether you zoom in or out, the power spectrum is

20	  random	  32x32	  images	  
generated	  from	  PCA	  model	  

5.2 Principal component analysis 99

Fig. 5.2: Some natural image patches, with DC component removed.

5.2 Principal component analysis

5.2.1 A basic dependency of pixels in natural images

The point in PCA is to analyze the dependencies of the pixel grey-scale values
I(x,y) and I(x′,y′) for two different pixel coordinate pairs (x,y) and (x′,y′). More
specifically, PCA considers the second-order structure of natural images, i.e. the
variances and and covariances of pixel values I(x,y).
If the pixel values were all uncorrelated, PCA would have nothing to analyze.

Even a rudimentary analysis of natural images shows, however, that the pixel val-
ues are far from independent. It is intuitively rather clear that natural images are
typically smooth in the sense that quite often, the pixel values are very similar in
two near-by pixels. This can be easily demonstrated by a scatter plot of the pixel
values for two neighbouring pixels sampled from natural images. This is shown in
Figure 5.3. The scatter plot shows that the pixels are correlated. In fact, we can com-
pute the correlation coefficient (Equation 4.39), and it turns out to be approximately
equal to 0.9.
Actually, we can easily compute the correlation coefficients of a single pixel with

all near-by pixels. Such a plot is shown in grey-scale in Fig. 5.4, both without re-
moval of DC component (in a) and with DC removal (in b). We see that the correla-
tion coefficients (and, thus, the covariances) fall off with increasing distance. These
two plots, with or without DC removal, look rather similar because the plots use
different scales; the actual values are quite different. We can take one-dimensional
cross-sections to see the actual values. They are shown in Fig. 5.4 c) and d). We see

Natural	  randomly	  sampled	  32x32	  images	  



©	  2013	  Alexey	  Pak,	  PhD,	  Lehrstuhl	  für	  Interak;ve	  Echtzeitsysteme,	  Fakultät	  für	  Informa;k,	  KIT	  

•  PCA	  features	  do	  not	  resemble	  neural	  recep;ve	  fields	  
•  PCA	  is	  not	  very	  successful	  genera;ve	  model	  
	  
One	  choice	  of	  higher-‐order	  property:	  sparseness	  
•  Approximate	  defini;on:	  random	  variable	  most	  of	  

;me	  very	  close	  to	  zero	  (“rarely	  ac;ve”)	  
•  Not	  the	  same	  as	  small	  variance!	  
	  
Measure	  of	  sparseness	  
•  Maximize	  non-‐linear	  func;on	  of	  squared	  variable,	  
	  
	  

•  Need	  h(x)	  to	  be	  convex:	  near	  zero	  –	  higher	  weights	  

Beyond  second-‐order  sta5s5cs:  sparse  features

13	  

Gaussian	  and	  sparse	  PDFs	  with	  same	  variance	  

138 6 Sparse coding and simple cells

being most of the time very close to zero is closely related to the property that the pdf
has a peak at zero. Since the variable must have some deviation from zero (variance
was normalized to unity), the peak at zero must be compensated by a relatively
large probability mass at large values; a phenomenon often called “heavy tails”. In
between these two extremes, the pdf takes relatively small values, compared to the
gaussian pdf. This is illustrated in Fig. 6.2.1
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Fig. 6.1: Illustration of sparseness. Random samples of a gaussian variable (top) and a sparse
variable (bottom). The sparse variable is practically zero most of the time, occasionally taking
very large values. Note that the variables have the same variance, and that these are not time series
but just observations of random variables.

6.2 Learning one feature by maximization of sparseness

To begin with, we consider the problem of learning a single feature based on max-
imization of sparseness. As explained in Section 1.8, learning features is a simple
approach to building statistical models. Similar to the case of PCA, we consider one
linear feature s computed using weightsW (x,y) as

s=∑
x,y
W (x,y)I(x,y) (6.1)

1 Here we consider the case of symmetric distributions only. It is possible to talk about the sparse-
ness of non-symmetric distributions as well. For example, if the random variable only obtains
non-negative values, the same idea of being very close to zero most of the time is still valid and
is reflected in a peak on the right side of the origin. See Section 13.2.3 for more information.
However, most distributions found in this book are symmetric.

Samples	  of	  normally	  distributed	  and	  
sparse	  variables	  with	  same	  variance	  E h(s2 ){ }→max

Some	  examples	  of	  suitable	  
convex	  func;ons	  h(x)	  

Commonly	  used:	  	  
•  kurtosis	  (4-‐th	  moment),	  	  
•  -‐x1/2	  
•  -‐log	  cosh	  (x1/2)	  	  
•  -‐(x	  +	  e)1/2	  	  
	  
Op*mal	  measure:	  
•  log	  p(x1/2)	  
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Learning	  mul*ple	  sparse	  features	  
•  Could	  start	  from	  different	  points	  

(can	  find	  same	  max	  many	  ;mes!)	  
•  BeKer	  method:	  defla;on-‐based	  
•  Find	  local	  maxima	  sa;sfying	  some	  

constraints	  
•  Possible	  choice:	  subsequent	  

features	  un-‐correlated	  with	  
previously	  found	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
(=	  orthogonal	  in	  whitened	  space),	  

•  Leads	  to	  gradual	  deteriora;on	  of	  
features	  (too	  strict	  constraints);	  

•  Last	  vectors	  have	  too	  liKle	  space	  
to	  op;mize	  

Linear  feature  detectors  with  maximum  sparseness

14	  

•  Start	  from	  PCA-‐pre-‐processed	  data	  
•  Choose	  convex	  func;on	  h(x)	  
•  Learn	  one	  feature	  maximizing	  sparseness:	  

	  
Results	  (single	  feature)	  
•  Features	  localized	  in	  space,	  frequency,	  orienta;on	  
•  Resembles	  recep;ve	  fields	  of	  neurons	  
•  Many	  local	  maxima,	  all	  well-‐localized!	  

!v* = argmax
!v, !v =1

E h (!vT !s )2( ){ }

146 6 Sparse coding and simple cells

Fig. 6.5: Three weight vectors found by maximization of sparseness in natural images. The max-
imization was started in three different points which each gave one vector corresponding to one
local maximum of sparseness.

different random initial conditions. Such a method would not be very reliable, how-
ever, because the algorithm could find the same maxima many times.
A better method of learning many features is to find many local maxima that

fulfill some given constraint. Typically, one of two options is used. First, we could
constrain the detector weights Wi to be orthogonal to each other, just as in PCA.
Second, we could constraint the different si to be uncorrelated. We choose here the
latter because it is a natural consequence of the generative-model approach that will
be explained in Chapter 7.
Actually, these two methods are not that different after all, because if the data is

whitened as part of canonical preprocessing (see Section 5.4), orthogonality and un-
correlatedness are, in fact, the same thing, as was discussed in Section 5.3.2.2. This
is one of the utilities in canonical preprocessing. Thus, decorrelation is equivalent
to orthogonalization, which is a classic operation in matrix computations.
Note that there is no order that would be intrinsically defined between the fea-

tures. This is in contrast to PCA, where the definition automatically leads to the
order of the first, second, etc. principal component. One can order the obtained
components according to their sparseness, but such an ordering is not as important
as in the case of PCA.

6.3.1 Deflationary decorrelation

There are basically two approaches that one can use in constraining the different fea-
ture detectors to have uncorrelated outputs. The first one is called deflation, and pro-
ceeds by learning the features one-by-one. First, one learns the first feature. Then,
one learns a second feature under the constraint that its output must be uncorrelated
from the output of the first one, then a third feature whose output must be uncorre-
lated from the two first ones, and so on, always constraining the new feature to be
uncorrelated from the previously found ones. In algorithmic form, this deflationary
approach can be described as follows:

1. Set k= 1.

Weights	  found	  by	  sparseness	  maximiza;on	  in	  natural	  
images,	  different	  ini;aliza;on	  (i.e.	  local	  maxima)	  

!vj
* = argmax

!v, !v =1
E h (!vT !s )2( ){ },

E (!zT !vj
*)(!zT !vi

*){ }= 0,∀1≤ i < j



©	  2013	  Alexey	  Pak,	  PhD,	  Lehrstuhl	  für	  Interak;ve	  Echtzeitsysteme,	  Fakultät	  für	  Informa;k,	  KIT	  

Small	  philosophic	  problem:	  
	  
Above:	  Sparseness	  of	  feature	  =	  single	  feature	  values	  over	  sample	  images	  (as	  func;on	  of	  t)	  
Wanted:	  Sparseness	  of	  representa*on	  =	  feature	  values	  over	  index	  i	  for	  a	  single	  image	  
•  Similar	  to	  spoken	  language:	  many	  words,	  each	  phrase	  contains	  only	  a	  few	  of	  them	  
•  Number	  of	  features	  can	  exceed	  dimensionality	  of	  data!	  
	  
Both	  defini;ons	  are	  equivalent	  if	  following	  condi;ons	  	  
hold	  for	  a	  single	  typical	  image:	  
•  The	  mean	  of	  features	  is	  approximately	  zero	  
•  Mean	  of	  square	  of	  features	  equals	  approximately	  one	  
This	  holds	  if	  features	  are	  sta*s*cally	  independent	  and	  have	  iden*cal	  distribu*on	  (iid)	  

Under	  these	  condi;ons,	  	  
	  
	  
	  
measures	  sparseness	  of	  single	  image,	  and	  sum	  
over	  sample	  is	  equivalent	  to	  formula	  above	  

Symmetric  de-‐correla5on

15	  

BeKer	  yet	  solu;on:	  maximize	  sum	  of	  individual	  sparseness	  measures,	  under	  constraints	  of	  
unit	  variance	  and	  symmetric	  de-‐correla;on:	  

!v1,...,
!vn{ }

*
= argmax

!v1,...,
!vn{ }

E h (!vi
T !s )2( ){ }

i=1

n

∑

E (!vi
T !s )(!vj

T !s ){ }= δij

Number	  of	  features	  limited	  by	  
pre-‐processing	  step	  (PCA)	  

h (!vi
T !s )2( )

i=1

n

∑
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Sparse  coding  feature  detectors  from  natural  images
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6.4 Sparse coding features for natural images 151

Fig. 6.6: The whole set of symmetrically orthogonalized feature vectors Wi maximizing sparsity,
learned from natural images.

the sum of squares because we do not want the phase of theWi to have influence on
this computation.)
This is actually almost the same as computing the 2-D power spectrum for all

orientations and frequencies. We could do similar computations using the Discrete
(or Fast) Fourier Transform as well, but we prefer here this direct computation for
two reasons. First, we see the concrete meaning of the power spectrum in these
computations. Second, we can compute the gratings for many more combinations
of orientations and frequencies than is possible by the DFT.
In neurophysiology, this kind of analysis is usually done using drifting gratings.

In other words, the gratings move on the screen in the direction of their oscilla-
tion. The maximum response of the cell for a drifting grating of a given (spatial)
frequency and orientation is measured. This is more or less the same thing as the

Computa*on:	  
•  DB	  of	  50000	  32x32	  patches	  
•  No	  ordering	  (symmetric	  DC)	  
•  PCA	  reduc;on	  to	  D	  =	  256	  
•  FastICA	  algorithm	  
	  
Features:	  
•  Localized	  in	  space	  
•  Well-‐defined	  orienta;on	  
•  Mul;-‐scale	  (small	  and	  large)	  
•  Can	  be	  studied	  as	  neural	  

RFs,	  with	  distribu;ons	  over	  
frequency,	  phase,	  …	  

•  Many	  entries	  just	  shi�ed	  
copies	  of	  each	  other	  

Is	  that	  the	  best	  we	  can	  do?	  
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Why  is  sparseness  useful?
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So	  far:	  
•  BeKer	  sta;s;cal	  model	  of	  input	  data	  
•  Efficient	  coding	  of	  images	  (many	  zeros	  a�er	  transform,	  easy	  to	  compress)	  
•  Sparse	  features	  resemble	  RFs	  of	  simple	  cells	  in	  visual	  system	  
•  Some	  reasonable	  explana;on:	  neurons	  trying	  to	  minimize	  firing	  rate	  to	  save	  energy	  
	  
S*ll	  have	  open	  ques*ons:	  
•  Sparseness	  measure	  was	  ad	  hoc.	  What	  is	  op;mal	  func;on	  h(x)?	  
•  Why	  was	  de-‐correla;on	  (of	  many	  features)	  needed?	  
•  What	  is	  true	  Bayesian	  prior	  distribu;on	  of	  images?	  
	  
Further	  refinement:	  genera*ve	  models	  
•  Observed	  data	  (images)	  generated	  as	  transforma;ons	  of	  hidden	  (latent)	  variables	  
•  Specific	  flavor	  of	  model:	  Independent	  Component	  Analysis	  (ICA)	  
•  ICA	  in	  some	  specific	  formula;on	  equivalent	  to	  finding	  maximally	  sparse	  features!	  

Main	  idea:	  assume	  transformed	  coefficients	  sta;s;cally	  independent	  over	  sample,	  

si =
!wi
T !z, p(s1,..., sn ) = p1(s1) ⋅... ⋅ pn (sn ), var(si ) =1
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Why  does  PCA  not  produce  independent  components?
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Gaussian	  distribu*on:	  PCA	  and	  whitening	  

Sufficiently	  non-‐gaussian	  distribu*on:	  PCA	  and	  whitening,	  then	  ICA	  step	  

Using	  only	  second-‐order	  informa*on:	  
•  Correla;on	  matrix	  symmetric,	  i.e.	  n(n+1)/2	  values	  
•  Transform	  matrix	  needs	  n2	  independent	  values	  
•  Remaining:	  n(n-‐1)/2	  rota;on	  angles	  

•  All	  rota;ons	  equivalent	  	  
•  PDF	  spherically	  symmetric	  
•  Uncorrelated	  Gaussian	  variables	  

are	  already	  independent!	  

si =
!vi
T !z, p(s1,..., sn ) = p1(s1) ⋅... ⋅ pn (sn ),⇒ p(!z ) = det V( ) ⋅ pi (

!vi
T !z )

i=1

n

∏
!v1,...,

!vn{ }
*
= argmax

!v1,...,
!vn

log det V( )( )+ log pi (
!vi
T !z )( )

i
∑

"

#
$

%

&
'

ICA	  feature	  learning:	  maximum	  (log)	  likelihood	  es*ma*on	  

Benefits	  of	  ICA:	  
•  Strong	  rela;on	  to	  sparseness	  
•  Provides	  op;mal	  sparseness	  

measure	  
•  Jus;fies	  de-‐correla;on	  
•  PDF	  for	  Bayesian	  inference	  

Many	  methods	  exist	  to	  find	  
exactly	  this	  maximum!	  
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7.6 Results on natural images 169

analysis we did in Section 6.4. The only difference is that we are here showing
the (generating) features Ai instead of the feature detectors Wi. This difference is
explained in detail in Section 7.10.

Fig. 7.3: The whole set of features Ai obtained by ICA. In this estimation, the functions log pi were
chosen as in Equation (7.19) in Section 7.7.

7.6.2 Image synthesis using ICA

Now that we have defined a generative model, we can generate image data from it.
We generate the values of the si independently from each other, and multiply the
estimated features Ai with them to get one generated image patch. One choice we

Computa*on:	  
•  DB	  of	  50000	  32x32	  patches	  
•  No	  ordering	  (symmetric	  DC)	  
•  PCA	  reduc;on	  to	  D	  =	  256	  
	  
Features:	  
•  Similar	  to	  sparse	  features	  
•  Same	  proper;es	  wrt	  

localiza;on	  as	  before	  
•  Frequency	  channels	  seem	  to	  

be	  sta;s;cally	  independent!	  
•  Extracted	  features	  s;ll	  

exhibit	  some	  dependence!	  

Can	  be	  used	  to	  generate	  “typical”	  
images!	  
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Image  patched  generated  from  ICA  model
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170 7 Independent component analysis

have to make is what our model of the marginal (i.e. individual) distributions of the
independent component is. We use here two distributions. In the first case, we simply
take the histogram of the actual component in the natural images, i.e. the histogram
of each ∑x,yWi(x,y)I(x,y) when computed over the whole set of images. In the
second case, we use a well-known sparse distribution, the Laplacian distribution
(discussed in the next section), as the distribution of the independent components.
Figures 7.4 and 7.5 show the results in the two cases. The synthesis results are

clearly different than those obtained by PCA on page 117: Here we can see more
oriented, edge-like structures. However, we are obviously far from reproducing all
the properties of natural images.

Fig. 7.4: Image synthesis using ICA. 20 patches were randomly generated using the ICA model
whose parameters were estimated from natural images. In this figure, the marginal distributions of
the components were those of the real independent components. Compare with real natural image
patches in Figure 5.2 on page 99, and the PCA synthesis results in Figure 5.13 on page 117.

7.7 Connection to maximization of sparseness

In this section, we show how ICA estimation is related to sparseness, howwe should
model the log pi in the log-likelihood in Equation 7.15 and how this connection tells
us how we should design the sparseness measure.

Computa*on:	  
•  Marginal	  distribu;ons	  over	  each	  

feature	  es;mated	  from	  real	  images	  
	  
Results:	  
•  BeKer	  than	  PCA:	  edge-‐like	  structures	  
•  S;ll,	  not	  extremely	  “natural”	  J	  

Further	  research	  direc*ons:	  
•  Minimum-‐entropy	  coding	  
•  Over-‐complete	  bases	  
•  Non-‐nega;ve	  models	  
•  Non-‐linear	  features,	  energy	  detectors	  

(cf.	  complex	  cells)	  
•  Independent	  Subspace	  Analysis	  (ISA)	  	  
•  Mul;-‐layer	  models	  
•  Modeling	  extra-‐striate	  cortex	  (V2,	  …)	  
•  Markov	  Random	  Field	  models	  
•  …	  	  

S*ll	  an	  open	  field,	  more	  work	  is	  required!	  
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