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Abstract: Estimation accuracy of conventional shape from
focus techniques is strongly coupled with the number
of images in the focal stack, limiting the measurement
speed. In this article, a novel compressive shape from
focus scheme is proposed with an exemplary algorithm
based on modified Laplacian operator and principal com-
ponent analysis. Simulation with synthetic focal stacks
havedemonstrated comparable results to the conventional
method. A test with 6 compressively captured images
achieves the same level of performance to that of the con-
ventional method with 100 images. Several other focus
measure algorithms are also implemented and tested un-
der the compressive scheme,whichdemonstrates thewide
applicability of the proposed method.

Keywords: Shape from focus, modified Laplacian, PCA.

Zusammenfassung: Die Schätzgenauigkeit der herkömm-
lichen Tiefenmessung mit variablem Fokus ist mit der An-
zahl der Bilder im Fokusstapel gekoppelt, und das be-
grenzt die Messgeschwindigkeit. In diesem Artikel wird
eine neuartige komprimierende Methode mit einem bei-
spielhaften Algorithmus basierend auf einem modifizier-
ten Laplace-Operator und der Hauptkomponentenanalyse
vorgeschlagen. Die Simulation mit synthetischen Fokus-
stapeln hat Ergebnisse gezeigt, die mit der herkömmli-
chen Methode vergleichbar sind. Der Test mit 6 kompri-
miert erfassten Bildern erreicht dieselbe Leistung wie die
herkömmliche Methode mit 100 Bildern. Mehrere ande-
re Fokusmessalgorithmen werden auch unter dem Kom-
pressionsschema implementiert und getestet, was die
breite Anwendbarkeit des vorgeschlagenen Verfahrens
demonstriert.
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1 Introduction
Depth estimation based on an imaging system has been
a widely studied topic in the area of computer vision and
imageprocessing. Generally, existingmethods canbe clas-
sified into active methods and passive methods. Active
methods involve theprojectionof anoptical probeonto the
target scene, often in the form of laser beam or illumina-
tion pattern [9]. The 3D profile of the target scene is recon-
structed with the information in the scattering/reflection
of the optical probe captured by the imaging system. The
requirement of the additional projection/illumination sys-
tem will increase the complexity and cost of the active
methods, inevitably limiting their applicability. In situa-
tions where physical interaction with the scene is not al-
lowed, passive methods are applied by taking images of
the scene without additional illumination. Various depth
cues in the captured images have been proposed by re-
searchers, including stereopsis [4], shading [13], focus [6],
etc., which are used to reconstruct the 3D information. In
this paper, the usage of focus as a cue for depth measure-
ment will be studied and discussed.

Research focuses in this area are mainly placed upon
two topics, the design of robust focus measure opera-
tors and the development of estimation algorithms. Pertuz
et al. [7] made an extensive survey and comparison of pop-
ular focus measure operators for shape from focus. Apart
from the operators listed in the above survey, more com-
plex operators are being developed constantly not only
for shape from focus but also for sharpness estimation
as a more general topic, such as the 𝑆

3
operator by Vu

et al. [12], which utilizes both spatial and spectral informa-
tion in color images. Conventional estimation algorithms
involve finding the maximum focus position from the fo-
cal stack for each pixel. A widely accepted method is to
take a Gaussian model as proposed by Nayar et al. [7]. Al-
ternatively, other fitting methods have also been studied,
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such as quadratic and polynomial fits [10].With the recent
development of machine learning and optimization algo-
rithms, more sophisticated methods have been proposed
by breaking the isoplanatic restriction [10], such as sur-
face fitting and optimization by neural networks [1], and
total variation regularization [3]. It can be seen from the
listed literature that the design of focus measure and the
development of estimation algorithm are often conducted
simultaneously in a holistic manner in order to improve
the performance of the overall method.

Unlike shape from defocus techniques where the blur
kernel is assumed known, shape from focus techniques
generally require a minimum number of image samples
along the focal axis in order to perform robust estimation,
which are achieved by either shifting the focal plane or
changing the relative distance between the camera and
the scene. When large numbers of images are required,
such shift/movement commonly leads to slow measure-
ment speed and bulky systems. Additionally, the large
number of the images, which are needed for evaluation,
adds to the data transfer and computational cost. To tackle
this problem, a novel shape from focus scheme is pro-
posed and discussed. Although only the algorithm is de-
scribed in detail and simulated in this paper, potential
hardware implementations will be introduced briefly in
the last section.

In Section 2, theoretical background is givenwith a fo-
cus on the linear measurement model, which serves as the
core of this new shape from focus (SFF) scheme. Section 3
describes the proposed algorithmwith an example and the
results from simulation tests are presented in Section 4.

2 Theoretical background

2.1 Shape from focus

The key concept of recoveringdepth information froma fo-
cal stack is the relationship between focused and defo-
cused images. In a thin lens model, image points that are
sharply projected on an image plane fulfill the Gaussian
lens equation:

1

𝑜
+
1

𝑖
=
1

𝑓
(1)

where 𝑜 is the distance of the object point from the lens
plane, 𝑖 denotes the distance of the focused image from the
lens plane and𝑓 represents the focal length of the optical
system. When a detector is placed at the focus and the ob-
ject is moved away from the original position, the image of
the object will be blurred. The degree of blurring depends

Figure 1: Sample images from a focal stack using imaging system
with small depth of field.

on how far away the object is from the in-focus position as
well as the characteristics of the imaging system.

Utilizing the relationship between blur and the dis-
tance to the focus, conventional shape from focus meth-
ods are composed of mainly three steps (Figure 1). Firstly,
a stack of images are captured while the focus of the imag-
ing system is shifted with respect to the object. This is typ-
ically implemented through either mechanical scanning
of the camera/sample, or motorized focus shifting with
the lens. Secondly, a focus measure value is calculated for
each pixel of every image in the stack to form a 3D focus
measure cube, where two dimensions represent the trans-
verse spatial coordinates corresponding to the camera pix-
els and one dimension denotes the axial shift coordinate.
The focus measure value can be calculated with various
algorithms to evaluate how well the underlying pixel is in
focus. Last but not least, depth information of eachpixel is
retrieved based on its focus measure curve (Figure 2). Re-
gardless of the focus measure algorithms, the focus mea-
sure values for a specific pixel at any axial locationswithin
the measurement range typically forms a spiky Gaussian-
shaped signal. A naive approach is to take the axial po-
sition with maximum focus measure value as the posi-
tion of the object at this position. More sophisticated ap-
proaches involve fitting of the focus measure curve as
well as optimization techniques, such as total variation
regularization.

According to estimation theory, the uncertainty when
trying to retrieve the position of a Gaussian-like peak
signal is largely dependent on the width of the peak.
Since a narrower peak leads to more accurate measure-
ment, a shape from focus system typically aims to achieve

Figure 2: Sample focus measure curves for objects at different axial
positions.
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a depth of field as small as possible, by using optical sys-
tems with large aperture and longer focal length. Never-
theless, a narrower depth of field requires that the cap-
turing of the focal stack has to be as dense as possible,
which is very time consuming. This article aims to solve
this contradiction.

2.2 Linear measurement model

Various real-world signals can be viewed as an 𝑛-dimen-
sional vector x ∈ ℝ𝑛, such as sound, image, etc. In a linear
measurement model, each measurement of the target sig-
nal is a linear combination of all values in the vector x. The
complete measurements of the signal can be written as an
𝑚-dimensional vector y = 𝐴x ∈ ℝ𝑚 with an 𝑚 × 𝑛 mea-
surement matrix𝐴.

The ultimate goal of the linear measurement model,
like any other measurement system, is to retrieve the sig-
nal x and the information it is carrying. Formulation of
the linear measurement model as a linear system natu-
rally leads to a classical problem of linear algebra: condi-
tions for solving the equation y = 𝐴x. In this context, this
question is equivalent to what kind of measurements are
needed in order to recover the signal.

Although prevented by classical theory of linear al-
gebra, recent developments in compressive sensing have
shown that an underdetermined linear system can be
uniquely solved provided sufficient prior knowledge [2].
In the case of compressive sensing, such prior knowledge
refers to the assumption of sparsity. However, this is not
the only possible prior knowledge. From a more general
perspective, the underdetermined linear systemwith prior
information represents a linearmanifold learningproblem
where the prior information acts as the boundary of the
manifold to be learned by its low-dimensional projection.
The fundamental philosophy behind solutions of such
problems is that the informationembedded inside thehigh
dimensional manifold is intrinsically of low dimension. In
the case of compressive sensing, the unknown manifold
is limited to hyperplanes spanned by a limited number of
axes which corresponds to the sparsity assumption.

The significance of the linear measurement model to
conventional SFF approaches is that the number of images
required in the focal stack can be effectively compressed
if each image can act as a linear combination of all orig-
inally required images in the focal stack. The focus mea-
sure stack can then be retrieved from the focus measure
calculated from the compressed images. It should benoted
that this is only possible when the focus measure operator
is linear, which is seldom true for modern focus measure

Figure 3: The compression and recovery steps must be added before
all non-linear operators due to their linear nature. Blue: linear
operators. Red: non-linear operators.

operators. Fortunately, most focus measure operators are
composed of several sub-operators, and as long as there is
at least one linear sub-operator before all nonlinear sub-
operators, the reconstruction can be inserted (Figure 3).
In other words, the first sub-operator applied on the com-
pressed images must be linear.

The algorithm for the reconstruction of the focusmea-
sure stack depends on the prior knowledge, i.e. the fo-
cus measure operator. On one hand, when the focus mea-
sure curve has a defined peak, recent compressive sens-
ing algorithms can be incorporated for the recovery of
the whole curve. On the other hand, if a training pro-
cess is allowed or focus measure curves can be assumed,
conventional methods like principle component analysis
(PCA) can be applied in this scheme to yield the measure-
ment/compressing matrix and the reconstruction matrix.

3 Proposed algorithm
To explain this idea in a concrete and clear manner, an
exemplary algorithm is presented in this section. The
schematic of the algorithm is illustrated in Figure 4.

Themeasurement matrix forming the compressed im-
ages and the reconstruction matrix for decompression are
designed by a training process. In this process, conven-
tional SFF procedures are implemented on a sample fo-
cal stack so that the focus measure curve for each pixel is
calculated. All the focus measure curves are then assem-
bled, with which PCA is conducted. The largest compo-
nents are combined to construct the measurement matrix
for the compressed images and the reconstruction matrix
is simply the transpose of the measurement matrix. The
focus measure curve can be reconstructed by multiplying
the focus measure of the compressed images with the re-
construction matrix:

𝑥
𝑅
= 𝐴
𝑇
𝑦 = 𝐴

𝑇
𝐴𝑥 (2)

where 𝑥 is the original focus measure curve and 𝐴 is the
measurement matrix for compression.

The widely accepted modified Laplacian operator
(LAPM) is selected for calculation of the focusmeasure [6].
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Figure 4: Schematic of compressive SFF with LAPM
operator.

It consists of two sub-operators. Firstly, a one dimensional
Laplacian filter is constructed as𝑓 = (−1, 2, −1) and used
to filter the image in both 𝑥 and 𝑦 directions respectively.
Secondly, the absolute values of two filtered images are
summed as the final focus measure value. Apparently the
1D filtering operation as a convolution is linear while tak-
ing the absolute value is non-linear. Therefore the train-
ing and reconstruction step must be inserted before taking
the absolute value. From the recovered datacubes of filter-
ing in 𝑋 and 𝑌 directions, the final focus measure value
can be computed through the sum of the two absolute val-
ues. Then for each pixel, the axial focus measure curve is
smoothedbefore themaximumvalue is located to estimate
the axial depth.

4 Simulation and discussion

4.1 Dataset construction

To demonstrate the applicability of the proposed algo-
rithm, simulation is implemented in Matlab with a series
of datasets synthetically generated through programs pro-
vided by Pertuz et al. in their survey study [7]. The genera-
tion of the focal stacks is based on a non-linear, shift vari-
ant model of defocus. All estimation results shown in this
section are smoothed with amean filter (window size=5).

To investigate into the influence of training dataset
on the compressive SFF (CSFF) result, two texture maps
and two depthmaps are combined to form four different

datasets (Figure 5). Texture #1 is a structured concentric
pattern while texture #2 is a random pattern. Depthmap
#1 is a linear ramp and depthmap #2 is part of a sphere.
The four datasets #1–#4 are formed with combination of
texture and depthmap in the following order: #1 and #1,
#1 and #2, #2 and #1, #2 and #2.

Figure 5: Textures and depthmaps used to sythesize focal stacks.
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Table 1: RMS error showing influence of training set on testing
result.

RMS Error (×10−3) Set #1 Set #2 Set #3 Set #4

No Training 1.69 1.74 4.92 3.25

Trained #1 NA 0.62 1.19 0.79

Trained #2 1.11 NA 2.98 0.72

Trained #3 4.23 2.40 NA 0.46

Trained #4 6.95 2.52 5.58 NA
Trained All Sets 3.65 1.93 1.32 0.54

4.2 Simulation result

Results of CSFF are compared with those of conventional
SFF using the root-mean-square (RMS) error with respect
to the ground-truth depthmaps, which are listed in Table 1.
For the conventional method, a focal stack of 61 images
is generated in each case and for the CSFF method the
61 images are compressed into 6 images. The row labeled
as no training represents the conventional case whereas
the other rows are labeled with their corresponding train-
ing set, which is used to generate the measurement matrix
and the reconstruction matrix. It can be seen from Table 1
that the choice of training set has an influence on the test-
ing result. In general, the compressive results are compa-
rable to the conventional results but require much smaller
numbers of compressively captured images. The test result
of set #1 with training set #2 and the test result of set #4
with training set #1 are illustrated in Figure 6.

To investigate into the number of images needed for
SFF, a series of focal stacks with different numbers of

Figure 6: Depth estimation results with conventional
SFF and compressive SFF. The upper row illustrates
result of set #1 with training set #2 and the lower row
illustrates result of set #4 with training set #1.

images is synthesized based on texture #1 and depthmap
#1 (same combination as dataset #1 used in previous sim-
ulations). As expected for the conventional CSS scheme,
when the number of images increases, the RMS error de-
creases, indicating better estimation result. This is due to
the fact that the simulated imaging system for image syn-
thesizing has a limited depth of field defined by the blur-
ring kernel. When the step between two adjacent images
is too large, the areas with depth in the interval between
two focal planes will never get the chance to be imaged
sharply and thus cannot be estimated robustly. With the
conventional SFF scheme, the minimum number of im-
ages needed for robust estimation depends largely on the
depth of field of the imaging system, which determines the
width of the peak in the focus measure curve when using
an operator like LAPM. Generally speaking, when the step
size is larger than the width of the focus measure curve,
artifacts will start to appear in the estimation result. The
dependency of estimation accuracy on the number of im-
ages in the focal stack is illustrated by the blue solid curve
in Figure 7.

On the contrary, in CSFF, regardless of the number of
compressive images to be captured, each image acts as
a linear combination of all focal planes within the mea-
surement range, and thus contains information from all
focal positions in an encoded manner. A training dataset
based on texture #1 and depthmap #2 is synthesized with
100 images. The number of compressive images is solely
determined by the number of largest principal compo-
nents to be selected for the construction of the measure-
ment matrix. As shown in Figure 7, CSFF allowsmuch less
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Figure 7: Dependency of estimation accuracy on the number of input
images.

images to be captured to achieve the same level of esti-
mation accuracy as the conventional method. It should be
noted that results presented above demonstrate the feasi-
bility of the method only on the theoretical level with syn-
thetic datasets. Further investigations with real datasets
shall be made in future research. As the information con-
tained in the largest principal components is related with
the rank of the matrix, it is preferred to have a matrix with
low rank. This means that the width of the focus mea-
sure curve should be larger, i.e. the imaging system should
have a larger depth of field. However, as the width gets
larger, the relative magnitude of the focus measure peak
gets smaller, effectively reducing the SNR of the measure-
ment. Therefore, a balance must be made between these
two factors to generate the best estimation performance.

4.3 Applicability

To investigate into the applicability of the compressive ap-
proach, several other focusmeasure algorithms are imple-
mented and simulated with synthetic datasets, including
diagonal Laplacian algorithm (LAPD) [11], Tenegrad algo-
rithm (TENG) [8] and steerable filters algorithm (SFIL) [5].
Similar to the modified Laplacian algorithm, the diagonal
Laplacian algorithm also applies Laplacian operators to
the captured images, but in two additional diagonal di-
rections. Based on gradients of the image, the Tenegrad
method applies Sobel filters to the image in both direc-
tions and then makes a squared sum. The steerable filters
algorithm is a sophisticated modern algorithm that has at-
tracted quite a lot of attention. The focus measure value
is calculated using steerable filters in several directions,

Figure 8: Comparison of CSFF using different focus measure
algorithms. Group #1: dataset #1 with training set #2. Group #2:
dataset #4 with training set #1.

which are designed in quadrature pairs for better control
over phase and orientation. The maximum of the filtered
results is taken as the focusmeasure.Mathematical details
regarding these algorithms can be found in the respective
literature.

Two groups of tests are conducted using the com-
pressive approach proposed previously with all four fo-
cusmeasure algorithms. For Group #1, dataset #1 is tested
using the training result from dataset #2. For Group #2,
dataset #4 is tested using the training result from dataset
#1. All algorithms are modified so that the compression
and reconstruction processes are inserted before any non-
linear operations. As shown inFigure 8, all four focusmea-
sure algorithms have provided similar results under the
compressive scheme. Therefore, the compressive scheme
is in general not very sensitive to the selection of focus
measure algorithms as long as the linearity conditionmen-
tioned in Section 2.2 is satisfied. Nevertheless, for both
groups of tests, the steerable filters algorithm has demon-
strated noticeably worse results than the other three algo-
rithms. As a more sophisticated algorithm, SFIL should in
principle generate better results than the other three algo-
rithmswhen applied in conventional SFF. However, due to
its higher complexity, the added noise introduced by the
compression and reconstruction might have more severe
influence over the final focusmeasure calculation, leading
to a worse overall result. This implies that the degenera-
tion caused by the compression is possiblymore severe for
more complicated focusmeasure algorithms, which has to
be taken into consideration when applying compressive
shape from focus in practice.
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Figure 9: Possible hardware implementation of CSFF using
hyperchromatic objective coupled with designed illumination
spectra.

5 Conclusion
In this article, a novel scheme of compressive shape from
focus is presented and simulated. Based on the linear
measurement model, CSFF compressively captures sev-
eral images, each as a linear combination of all possible
focal planes within the measurement range. It has been
shown in the simulation that the estimation error of CSFF
is comparable to the conventional method using the same
number of images as the number of images in the train-
ing set for CSFF. With datasets synthesized in this arti-
cle, CSFF with 6 compressive images yields better perfor-
mance than the conventional method with a focal stack
of 100 images. Apart from LAPM, several other focus mea-
sure algorithms are also tested under the compressive ap-
proach, indicatingwide applicability of themethod. As re-
search presented in this article represents an early stage
of investigation into the compressive method, it should be
noted that the feasibility of themethod is only provenwith
synthetic datasets. To make a full investigation into this
methodwith comparison to conventionalmethods, further
research must be conducted with real data in the future.

Hardware implementations of this scheme could take
many different forms. To begin with, auto-focus mecha-
nisms in cameras can be modified so that the focal plane
is shifted with a varying speed within one exposure ac-
cording to themeasurementmatrix. Customized objectives
based on liquid lenses can be developed to increase the
speed of focus shifting. On the other hand, if the texture is
colorless, hyperchromatic objectives can be designed and
coupled with tunable illumination to achieve the same ef-
fect (Figure 9).
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